The yon Neumann-Jordan (NJ-) constant for Lebesgue-Bochner spaces Lp(X) is determined under some conditions on a Banach space X. In particular the NJ-constant for Lr(cp) as well as Cp (the space ofp-Schatten class operators) is determined. For a general Banach space X we estimate the NJ-constant of Lp(X), which may be regarded as a sharpened result of a previous one concerning the uniform non-squareness for Lp(X). Similar estimates are given for Banach sequence spaces lp(Xi) (/p-SUm of Banach spaces Xi), which gives a condition by NJ-constants of Xi's under which lp(Xi) is uniformly nonsquare. A bi-product concerning 'Clarkson's inequality' for Lp(X) and lp(Xi) is also given.
INTRODUCTION AND PRELIMINARIES
Let X be a Banach space. The yon Neumann-Jordan (NJ-) constant for X (Clarkson [4] ), we denote it by CNj(X), is the smallest constant C for which < x +y 2 + x-y holds for all x and y in X with (x, y) (0, 0). A classical result of Jordan and von Neumann [8] implies that _<_ Cyj(X)_<_ 2 for any Banach space X; and X is a Hilbert space if and only if Cyj(X)-1. Clarkson [4] showed that Cyj(Lp)-2 2/min{p'p'}-l, lip + lip'-1. Recently Kato and Miyazaki [10, 9] determined the NJ-constant for Lp(Lq) (Lq-valued Lp-space), Sobolev spaces Wp(ft) [10] , and for Cc(g) (the space of continuous functions with compact support on a locally compact Hausdorff space K; [9] ). On the other hand, the authors [11, 19] gave a sequence of new results about the NJ-constant. In particular they showed that: (i) X is super-reflexive if and only if X admits an equivalent norm with NJ-constant less than 2 [11] ; this was refined as (ii) X is uniformly non-square if and only if Cyj(X) < 2 [19] .
In this note we first state Clarkson's procedure to obtain the NJconstant of Lp [4] in a generalized setting, and then we determine the NJconstant for Lebesgue-Bochner spaces Lp(X) under some conditions on a Banach space X. As corollaries the NJ-constant for L,(Cp) as well as Cp (the space ofp-Schatten class operators) is determined, and the results in [4, 9, 10] [12] 
VON NEUMANN-JORDAN CONSTANT FOR Lp(X)
We start with the following lemma.
LEMMA
Let < < 2.
(i) Cyj(X)-2 2/t-1 if and only if IIA"/22(X) 21/t; (2) and hence CNj(X')= CNj(X) (X' is the dual space of X).
( [10] ), and Cp, CNj(X) 22/t-1.
(ii) CNj(Cc(K))= 2 (Kato and Miyazaki [9] (ii) In this case (t,t') Clarkson which gives the conclusion. The proof of (ii) goes in the same way.
THZORZM 9 Let <p < cx, and let t-min{p,p'}. Then
where 1/p + 1/p'-1/t + lit'-1.
Here one should note that CNJ(Lp)= 22/t-1, and hence the third term in (5) is not bigger than 2.
Proof The left-hand inequality of (5) is trivial since Lp and X are isometrically imbedded into Lp(X). We prove the right-hand inequality of (5) . Let 
On the other hand, we obviously have
Put 0-2/p' (0 < 0 < 1 [19] ) and hence X'
has the Radon-Nikodym property; therefore Lp(X)'-Lp,(X').
Consequently we obtain the conclusion by Lemma and the preceding case.
Remark 10 Both inequalities of (5) Recall here the authors' results in [19, 11] which state that X is uniformly non-square if and only if CNj(X)< 2 [19] ; and X is superreflexive if and only if X admits an equivalent norm with NJ-constant less than 2 [11] . Now, Theorem 9 implies that for <p< CNj(Lp(X)) ( [17] ).
(ii) Lp(X) is super-reflexive if and only if X is (Pisier [15] ).
Similar estimates as (5) <= CNj(lp) Sup Cyj(Xi) 2/t'. (7) The proof goes in the same way as that of Theorem 9 by using Lemma 8 (ii). Remark 13 In inequalities (7), equality is simultaneously attained in the cases where (i) sup Cyj(Xi)-or 2, and (ii) p-2. Now, uniform non-squareness dose not lift to lp(Xi) from Xi's in general (see [16] , esp. p. 152). Giesy 
